We study the recent Floquet-realisation of the Harper-Hofstadter model in a gas of cold bosonic atoms. We study in detail the scattering processes in this system in the weakly interacting regime due to the interplay of particle interactions and the explicit time dependence of the Floquet states that lead to band transitions and heating. We focus on the experimentally used parameters and explicitly model the transverse confining direction. Based on transition rates computed within the FloquetFermi golden rule we obtain band population dynamics which are in agreement with the dynamics observed in experiment. Finally, we discuss whether and how photon-assisted collisions that may be the source heating and band population dynamics might be suppressed in the experimental setup by appropriate design of the transverse confining potential. The suppression of such processes will become increasingly important as the experiments progress into simulating strongly interacting systems in the presence of artificial gauge fields.
I. INTRODUCTION
Time-periodic driving provides a versatile tool with which to control the behaviour of quantum systems. Such systems, described by Floquet theory, can lead to forms of long-time dynamics that differ dramatically from those in the absence of any drive. In particular, the ability to use time-periodically modulated light fields to cause neutral atoms to experience artificial gauge fields has sparked significant experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and theoretical [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] activity in studies of Floquet systems in recent years. Whereas the long-time dynamics of a single particle in a periodically driven system can often be well understood in terms of an effective Hamiltonian [26] [27] [28] [29] [30] , the applicability of perturbative high-frequency expansions to driven interacting manyparticle systems is less established [31] . Generically, under periodic drive, a closed interacting quantum system is expected to heat up to an infinite temperature state [32] [33] [34] unless many-body localisation prevents this [35] [36] [37] . In open quantum systems, depending on the specific form of the system-bath coupling, heating to an infinite temperature state may be avoided and Gibbs-like steady states can emerge [38] [39] [40] . By properly choosing the bath density of states and the coupling to the system one may obtain steady states that resemble finite temperature states of non-driven systems [41] . In either case the heating processes generically present in Floquet systems might make them unsuited to experimentally study interacting and strongly correlated phases. Thus, the need to determine the relevant timescales over which the heating processes occur becomes immediately apparent.
In a perturbative treatment of interacting Floquet systems one finds that inelastic scattering associated with the absorption of quanta ω becomes possible which can lead to heating and band transitions [42, 43] . This treatment also allows the computation of the corre- * tb494@cam.ac.uk sponding rates which can be suppressed by appropriate design of the Hamiltonian, of paramount importance for experiments as deleterious heating and band transitions can limit the achievable lifetimes.
In this paper, we study heating processes in a Floquet system consisting of a periodically modulated superlattice potential, as used in a recent experimental realisation of the Harper-Hofstadter Hamiltonian [12] . We apply the perturbative formalism we recently developed to describe Floquet systems used to generate artificial gauge fields for cold gas systems [42] . Focusing on the effects of two-particle scattering processes, we compute the heating processes that arise from weak twobody interactions and corresponding intra-and interband transition rates, and compare with experimental observations. We further study ways in which these processes could be suppressed by appropriate design of the Hamiltonian.
We begin by introducing the model in Sec. II and obtain the single particle Floquet spectrum for the experimentally used parameters in Sec. II A. We proceed by introducing the Floquet scattering processes computed within the Floquet-Fermi golden rule in Sec. II B. In Sec. II C we compute the band population dynamics based on the Floquet scattering rates for the experimentally used parameters. Finding reasonable agreement with the experimentally observed dynamics we then discuss in Sec. II D whether these processes can be suppressed by appropriate design of the transverse confining potential. We show that a strong suppression can be achieved under sufficiently strong confinement, suggesting a possible way to enable experiments to access strongly correlated quantum phases without the deleterious heating and repopulation dynamics demonstrated to be present in this Floquet system at weak confinement.
II. MODEL
We consider bosons described by a field-operator Ψ(x) loaded into a two-dimensional (2D) optical lattice with arXiv:1504.05491v1 [cond-mat.quant-gas] 21 Apr 2015 both time-dependent and static parts with additional transverse confinement. The resulting Hamiltonian is given by H = H 0 (t) + H int ,
where the first line of equation (1) describes the kinetic energy of the atoms moving in the optical lattice and the second line gives the time-dependent in-plane optical potential V (x, y, t) and the static transverse confining potential V z (z) experienced by the atoms. The last part, equation (2) , gives the contact interaction between atoms of strength g. For the weak contact interactions considered here, g = 4π 2 a s /M describes collisions with s-wave scattering length a s .
We consider the in-plane optical lattice V (x, y, t) to be a dynamical superlattice [25] , which for the experimental setup of Ref. 12 is given by
where the second line describes the static super lattice V st (x, y), consisting of the short lattice in x(y) direction of strength V x (V y ) and the long lattice with strength V xl that creates the staggering along the x-direction. The third and fourth line describe the time-dependent part V osc (x, y, t) of strength κ oscillating with frequency ω which is fixed to be on resonance with the energy staggering along the x-direction. The time-dependent part is chosen such that the second and third line respectively restore tunnelling along each other bond in the staggered x-direction, and such that a homogeneous flux of π/2 is realised in the tight-binding description. The phase φ 0 is not controlled in the experiment and will be fixed in the following to be φ 0 = π/4; we have checked that the results are not changed significantly for a different choice. The transverse confinement potential is taken to be either an optical lattice
2 which is used in the experiment.
A. Single-particle states and dispersion
We proceed to obtain the single-particle Floquet spectrum of the non-interacting time-dependent Hamiltonian H 0 (t). Due to the separability of the noninteracting Hamiltonian we may focus on the particle spectrum of the in-plane (x-y) motion, i.e. wavefunctions take the form Ψ(x, y, z, t) = Ψ 2D (x, y, t)Ψ z (z) We note that the static potential has the following symmetries,
with the lattice spacing a = π/k r . We may choose a unit cell of 2×2 sites and each Bloch-band will be split into 4. However, the time-dependent part has a lower symmetry, V osc (x + 4a, y, t) = V osc (x, y + 4a, t) = V osc (x, y, t), and naively, this would lead to a real space unit cell of 4 × 4 sites and to a splitting into 16 bands. However, the unit cell can be reduced by rewriting V osc as
with quasi-periodic F (r + R j ) = e iG·R j F (r) with G = (π/(2a), π/(2a)). This allows us to perform a unitary gauge-transformation in Floquet-space as done in [25] and obtain a Hamiltonian invariant under translations by 2 lattice sites in both x-and y-directions. Consequently, we may keep the unit cell consisting of 2 × 2 sites with each band split into 4 and exactly expand the time-dependent problem in the Bloch-states of the time-independent problem as they now share the same periodicity.
We project the full time-dependent Schrödinger equation on the set of the 4 lowest Bloch-bands of V st which are resonantly coupled by the time-dependent optical potential V osc . Moreover, in the expansion of the Floquet-states, Ψ (t) = e i t Φ (t) = e Overlap matrix element I∆m
2 of the wavefunctions of the 2 dimensional model for a transition (1, 1) → (3, 3) summed over the final state momenta and averaged over the initial state momenta as a function of the photon transfer ∆m normalised to the element at ∆m = 0.
the reduced Brillouin zone corresponding to the 2 × 2 real-space unit-cell. Following the convention in [9] we refer to the middle two bands as a single band as they are not separated by an energy gap.
B. Floquet-Scattering
We treat the effects of the collisions of the atoms given by the interaction Hamiltonian (2) in the framework of scattering theory for Floquet states, [42] and references therein. We employ the Floquet-Fermi golden rule (FFGR) to compute transition rates from an initial state Ψ i to final state Ψ f given by
is the time-periodic Floquet mode associated with Ψ (i/f) , Φ m (t) = e im ωt Φ 0 (t) and the double brackets denote the extended scalar product given by
The sum over ∆m allows the absorption or emission of ∆m energy quanta ω during the scattering process. Using the FFGR will preclude the discussion of strongly correlated many-body phases, but is appropriate for the regime of weakly-interacting particles considered here and sufficient to explore the two-particle physics that are a potential source of heating and band repopulation.
We apply FFGR Eq. (5) to an initial state containing particles in bands n 1 and n 2 with in-plane crystalmomentum k 1 and k 2 of the 2D bandstructure in states m 
scattering into a final state containing two particles in bands n 3 and n 4 with crystal-momentum k 3 and k 4 in states m z 3 and m
In the calculations of the population dynamics in Sec. II C we only keep transitions with emission and absorption of up to a single energy quantum ω, i.e. ∆m = 0, ±1 in the FFGR Eq. (5), as transitions with higher energy transfers are successively suppressed as shown in Fig. (2) . Note that we still have to keep a high number M of Floquet modes in the expansion of the Floquet states used to compute the rates. The exponential decay of these transition-matrix elements also justifies our restriction to the lowest 4 Harper-Hofstadter bands. Whereas transitions into the higher bands are allowed within FFGR, for the experimental parameters they correspond to a transition with ∆m ≈ 11 and are thus negligible on the time-scales we are interested in.
For the general discussion of the scattering rates in Sec. II D we assume an initial state in the unique lowest energy state of the transverse direction, i.e. m 
where we factored out the dimensionful prefactor γ 0 . The prefactor γ 0 takes the form γ 0 =
C. Population dynamics
We compute the resulting band population dynamics based on the Floquet transition rates, Eqn. (5), for the experimental parameters, i.e. V x = 6E r , V xl = 0.8E r , V y = 10E r , κ = 0.58 ω, ω = 0.72E r and E r = We remark that even though the Harper-Hofstadter band populations approach a steady state, the system slowly continues to heat up in the transverse direction. The total absorbed energy ∆E(t) = E(t) − E(t = 0) per particle in units of E r is shown in Fig. 4 . After an initial period of fast energy absorption the rate flattens out. This is due to the fact that the interactions become weaker as the particles are transferred to higher We conclude that the strong inter band population dynamics and the associated heating stemming from ∆m = ±1 transitions would make the realization of strongly interacting phases exceedingly difficult unless proper care is taken to suppress the corresponding processes.
D. Stability and scattering rates
Based on the conservation of quasi-energy in the FFGR Eq. (5) and the specific experimental parameters, one can readily envisage ways in which the transverse density of states can be adapted in order to make the system stable to the two-particle scattering processes with ∆m = ±1 which cause band transfer and lead to heating.
We consider the cases in which the transverse potential in the z-direction is either an optical lattice
For both cases we investigate whether particles in the ground state band [44] of the Harper-Hofstadter model can possibly undergo transitions with ∆m = ±1 depending on the strength of the transverse potential. The resulting stability diagram in the case of the optical lattice is shown in Fig. (5) and in the case of the harmonic trap in Fig. (7) . This stability is based purely on kinematic constraints of the scattering process and is therefore valid for two-particle scattering beyond the applicability of the FFGR. We conclude that by sufficiently strong transverse potential the inelastic 2 particle single-photon-transfer scattering processes can be completely suppressed.
We begin by discussing the case in which the trans- verse potential is an optical lattice. For vanishing depth, V z = 0, we recover the situation of free particles where the system can always absorb energy and is therefore unstable. As we increase the lattice depth V z the transition with the smallest energy transfer, the intraband scattering transition (1, 1) → (1, 1) , is suppressed first, and those with higher energy transfer are consecutively suppressed until finally the last transition, (1, 1) → (3, 3) , becomes energetically forbidden and the system is stable to single photon (∆m = ±1) transitions. This happens when the density of states in the transverse direction vanishes for the required energy transfer, i.e. for these parameters when the bandwidth of the lowest band in the transverse direction becomes smaller than ω − 2[max(E 3 ) − min(E 1 )]. Additionally, we may change the ratio E z r /E r which determines the critical value of the confinement strength as shown in the right panel of Fig. (5) which is minimised at V z = 1.5E shown in Fig (6) . These start from the finite non-zero value at V z = 0 expected for free particles, and increase with increasing V z to reach a maximum. This maximum occurs at the point at which there is a closing of the channel for scattering into higher transverse modes, and arises from the characteristic singular density of states of the transverse lattice at the edges of the BZ. Thus, we see that the transverse optical lattice at first increases the scattering rates until it finally completely suppresses two-particle single-photon scattering for sufficiently deep lattices. In addition to the lattice depth V z /E z r which determines the form of the density of states in the transverse direction, changing the ratio E z r /E r which effectively rescales the energy axis of the transverse direction compared to the 2D Harper-Hofstadter model can be used to control the scattering rates. This effect can be understood by the fact that at fixed ω reducing E z r requires the transitions to couple to a final state containing particles in higher Bloch bands of the transverse lattice which have smaller overlap with the ground state Bloch band which is assumed to be the initial state. This leads to the decrease of the peak scattering rate as seen in panels (a) and (b) in Fig. 6 . For the harmonic trap the behaviour is slightly more complicated as seen in Fig (7) . Again for no transverse potential, E osc = ω osc = 0, we recover the behaviour of the free system. As we increase the confinement energy E osc transitions become possible and forbidden whenever the required transition energy matches an integer number of the oscillator energy. For weak confinement, this typically includes a range of possible final oscillator states for a given band-transition which shrinks with increasing confinement. The system is stable to singlephoton (∆m = ±1) transitions when the energy balance equation 2n ω osc = ω − E trans has no solution with integer n for all band transitions. Here we obtain two stability regions, one in the intermediate regime around ω osc ≈ ω/3 and one for strong confinement ω osc ω/2.
In both cases, by sufficiently strong modifications of the transverse density of states, the single photon (∆m = ±1) transitions can be completely suppressed. However, in that regime the next to leading order processes of transitions with ∆m = ±2 may still be present. Due to the localisation of the Floquet modes observed in the matrix elements seen in Fig. 2 these rates are at least an order of magnitude smaller than the ∆m = ±1 rates. In addition they are suppressed by the interaction matrix element of the wavefunctions of the transverse direction for large energy transfer, e.g. in the case of harmonic confinement we have Ψ
≈ 0.06, yielding 3 orders of magnitude compared to the elastic (∆m = 0) and a factor of 4 compared to the ∆m = ±1 rates. In particular, the elastic scattering rates will then be at least two orders of magnitude higher than the first non-vanishing Floquet rates.
III. CONCLUSIONS
We have studied the two-particle scattering processes occurring in the Floquet-realisation of the HarperHofstadter Hamiltonian focusing on the experimental setup used in [12] involving a dynamically modulated superlattice potential. Using the Floquet-Fermi golden rule we compute scattering rates due to particle interactions. Based on these Floquet transition rates we obtain the resulting band population dynamics and compare to the experimental results of [12] . The agreement between the experimental result and the predictions of this rate model suggests that two-particle processes and the Floquet scattering rates might play an important role in establishing the band dynamics and the heating rates in this system. Of particular relevance to the stability of a Bose-Einstein condensate (BEC) in one of the Harper-Hofstadter bands, we observe that the scattering rates do not depend strongly on the final state momenta. Consequently, an initial BEC quickly spreads over the BZ and into other subbands.
We remark that in a different experimental realisation of the Harper-Hofstadter model [45] heating processes have been investigated very carefully and two-particle scattering was found not to be the limiting factor for the lifetimes in that setup.
More generally, our study provides insight into the heating dynamics of a closed quantum system with an unbounded dispersion subject to periodic driving. We find a timescale over which the system approaches an infinite temperature state for the bounded degrees of freedom of the in-plane motion and a generically different time-scale over which the system then continues to heat up in the transverse direction.
Having established these processes in the Floquet system with the geometry of Ref.12, we discussed how these rates can be influenced by additional transverse confinement. We studied transverse confinement by both an optical lattice and a harmonic potential and concluded that by choosing a sufficiently strong confinement inelastic single photon transitions with the absorption or emission of ω can be suppressed completely. Moreover, in the case of confinement by an optical lattice, the scattering rates can be further controlled by choosing an optimal values for the ratio E z r /E r in addition to the lattice depth V z . By suppressing the single-photon ∆m = ±1 rates one can achieve a regime in which the next order Floquet processes ∆m = ±2 are at least two orders of magnitude smaller than the elastic ∆m = 0 rates which are responsible for establishing the strongly correlated behaviour of the quantum system. This possibility to strongly suppress the two-particle inelastic scattering rates provides one possible route towards the design of future experiments aiming to access strongly interacting regimes without deleterious scattering and heating.
